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Abstract. The aim of this paper is to study hypervector spaces. In this regard at
first some new nontrivial examples of hypervector spaces are introduced. Then the
notions of linearly span, linearly independence, basis, ordered basis, coordinates and
linear transformation are investigated and some related results are obtained. Especially,
it is proved that for a linear transformation 7" : V' — W between two hypervector
spaces, dimkerT + dimT(V) = dimV, and under certain conditions dim L(V, W) =
dimV x dim W.
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1. Introduction

The theory of hyperstructuers was born in 1934, when Marty [6] defined hy-
pergroups. Since then many researches have worked on hyperalgberaic struc-
tures and developed this theory (for more see [3], [4], [5], [13]). In 1990, M.
Scafati Tallini introduced the notion of hypervector spaces [8], and studied ba-
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sic properties of them (for more see [9], [10], [11]). Recently Ameri [1], [2],
Vaezpoor [7] and Taghavi [12] in Iran have developed this concept. In this
paper we follow [2] and study more properties of hypervector spaces. In this
regard at first some new interesting nontrivial examples of hypervector spaces
are introduced. Then their basic notions are investigated and some related
results are obtained. KEspecially, it is proved that for a linear transformation
T:V - W, dimkerT + dim7(V) = dimV, and under certain conditions,
dim L(V, W) = dimV x dim W.

2. Preliminaries

In this section we present some definitions and simple properties of hypervector
spaces that we shall use in later.

A map o: H x H — P,(H) is called a hyperoperation or join operation,
where P,(H) is the set of all non-empty subsets of H. The join operation is
extended to subsets of H in natural way, so that A o B is given by

AoB:U{aob:aeAandbEB}.

The notations a o A and A o a are used for {a} o A and A o {a} respectively.
Generally, the singleton {a} is identified by its element a.

Definition 2.1. ([8]) Let K be a field and (V,+) be an abelian group. We
define a hypervector space over K to be the quadruplet (V,+, 0, K), Where “o”
is a mapping;:

o:KXV—)P*(V),

such that for all a,b € K and x,y € V the following conditions hold:
ao(x+y) Caox+ aoy, right distributive law,

(a+b)ox Caox+bouwx, left distributive law,

=
~
IS
O
0
8
~—

Il

(Hi)

(Hz)

(H3) ao (box) = (ab) oz, associative law,
(Ha) (ma)ox = —(aox),
(Hs)

Remark 2.2 ([8]). (i) In the right hand of (H;) the sum is meant in the sense
of Frobenius, i.e.

aox—i—aoy:{p+q:p€aox,q€aoy}.

Similarly we have in (Hz). Moreover, the left hand side of (H3) means the
set-theoretical union of all the sets a oy, where y runs over set bo z, i.e.
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(ii) ([9]) We say that (V,+,0, K) is anti-left distributive, if
Va,be K,Yx € V,(a+b)ox Daox+boux,

and strongly left distributive if equality holds. In a similar way we define anti-
right distributive and strongly right distributive. V is called strongly distributive
if it is both strongly left and right distributive.

(iii) The mapping “o” in Definition 2.1, is called external hyperoperation.

Example 2.3 ([8]). In (R? +) we define the product times a scalar in R by
setting:
line pass origin and point z, if x # 0,
aox =

Then (RQ, +,0,R) is a hypervector space.

Example 2.4 ([12]). (C,+,0,R) is a hypervector space, where “+” is the usual
sum and the mapping “o : R x C — P,(C)” is defined by the following:

{Tew 0<r< |a]|z|,0:arg(az)}, if a # 0 and z # 0,
aoz=
{0}, ifa=0o0r z=0.

Lemma 2.5 ([8]). Let (V,+,0, K) be a hypervector space and 2y = 000, where
0 is the zero of (V,+). Then

1. If V is either strongly right or left distributive, then Sy is a subgroup of
(V. +)

2. If V is anti-left distributive, then for all x € V' the set 0o x is a subgroup
of (V,+).

3. If V is strongly left distributive, then a0 Q= Qy =a o Qy, for all a € K.

Proposition 2.6. Let (V,+,0,K) be a strongly left distributive hypervector
space such that |[100] = 1 and for all x € V, —x # x, unless © = 0. Then
for any x € V', the following holds:

r=0«<=VY0#a€ K;aox+aox =

Proof. (=) Let x =0 and 0 # a € K. Then by Lemma 2.5, it follows that:
aocx4+aoxr=ao0+aoc0=0+Q =0

<=) By Definition 2.1, a 02z = ao(x+2z) Caox+aox =Q=ao00. So

alo(ao2r) Calto(ao0). Thus 102z C 100 = {0}. Hence 2z = 0 and so
x = —x. Therefore x = 0. O
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3. New examples of hypervector spaces

In this section we present some new nontrivial examples of hypervector spaces.

Example 3.1. (Z,+,0,Q) is a hypervector space, where “+7” is the usual sum
and the mapping “o” is defined by the following:

o:QxZ — P.(Z)
{Zon:{m(rn):mGZ}.

Example 3.2. If the external hyperoperation “o : R x R? — P,(R?)” for all
r,a,b € R is defined by each of the followings, then (R?, +, o, R) is a hypervector
space:

(i) ro(a,b) ={(z,y) e R* |0 <z <ra,0 <y < rb},

(ii) r o (a,b) = Environment of the rectangle bounded with lines
=0,z =ra,y=0,y=rb,

(iii) 7o (a,b) = {(z,y) € R? | —ra < x < ra,—rb < y < rb},

(iv) 7o (a,b) = Environment of the rectangle bounded with lines
r=—-ra,xr=ra,y = —rby=rb,

(v) ro(a,b) = Environment of the circle with origin (0, 0) and radius |r|va? + b2.

Proposition 3.3. If (V,+,0, K) is a hypervector space such that —x € 1ox
for all x € V, then (V,®,®, K) construct a hypervector space with the following
mappings:

@:VxV-—V wnd ©: K xV — PJ(V)
rQy=z+y, a®xr=—aom.
Proof. Straightforward. O

Proposition 3.4. Let (V,+,0, K) be a hypervector space. Suppose
z1
Vh = eV

Tn

Then (V", @n, On, K) is a hypervector space, where “@®,," and “©®,” are defined
by the followings:

_~

1 U 1+ T Y

G| i | = : and a®n| : | = c |2 €aox;,1<i<n

~

Tn Yn Tn + Yn Tn Ty,
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I n
Proof. Let | : |, | : | € V" and a € K. Then
Tn Un
1 n 1+
a®n Colen | = a®n :
Tn, Un, Tpn + Yn

Z1
czi € ao (x+y;)

Zn

Zn
Z1

iz =4+ Yy, T €Eaox;, Yy Eaoy;

Zn

1+ U1

F ]
- : tzi€aox;+aoy;

= : T Eaoxy, YyEaoy;

| Tn + Un
[y ] %
= : Dn : T Eaox;, YEaGOY;
| Tn ] Un
[ ] (1
= : L €Eaox; p By : tYyE€aoy;
I n
= a On : ©On | aOn :
Tn Yn
Thus
T Y1 I n
a On S Bn | Cla®y | : Dn | a©p
In a similar way, it is easy to verify the other parts of Definition 2.1. O

Remark 3.5. In Proposition 3.4, if V' is strongly left, Strongly right or strongly
distributive, then V" is strongly left, Strongly right or strongly distributive,
respectively.
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Proposition 3.6. Let (V,+,0, K) be a hypervector space. Suppose

T11 " Tin
MY = o | eVii<i<m,1<j<n

mxn

Tml - Tmn

Then (M%XN,@,Q,K) 15 a hypervector space, where @ is the usual sum of

matrices and external hyperoperation ® : K x MY —— P.(MY ) is defined
by the following:
/ /
xll o oee :'Uln xll .. xln
a1 o | = Pt | €a0x; 1 <i<m,1<j<n
‘/'Eml DR xmn x/lrrLl .. ‘/'E;‘an

Corollary 3.7. Let (V,+,0,K) be a hypervector space. Then the set

[ e

together operation @ and external hyperoperation ® is a hypervector space over
the field K, where @ is the usual sum of matrices and © is defined by the

following:
a® = weaox, z€aoy .
Yy z W

Definition 3.8 ([9]). A nonempty subset W of V is called a subhyperspace of
V, if W is itself a hypervector space with the external hyperoperation on V, i.e.

W # ¢,
Ve,ye W =z —yeW,
Vaoe K, Ve W = aox CW.

In this case we write W < V.

Example 3.9. (i) Let L = {(a,0) | a € R} and R = {(0,b) | b € R}. Then
L and R are subhyperspaces of the hypervector space (R?, 4, 0,R) in Example
2.3.

(ii) In Example 3.2, the hypervector spaces are defined in parts (i7) and (iv)
are subhyperspaces of the hypervector spaces are defined in parts (i) and (i),
respectively.

(iii) The hypervector space is defined in part (v) of Example 3.2, is a sub-
hyperspace of the hypervector space in Example 2.4.

Proposition 3.10. If V is either strongly left or right distributive hypervector
space, then Qy is the smallest subhyperspace of V.
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Proof. By Lemma 2.5, Qy is a subgroup of V and a o Qy = Qy, for all a € K.
Thus Qy is a subhyperspace of V. Now if H is a subhyperspace of V', then for
any x € (y, we have:

zr€000C00HCH.
So Qy C H. O

Proposition 3.11. If V is a hypervector space over the field K and H <V,
then for any x,x1,...,x, € H and a,aq,...,a, € K, the following conditions

hold:
1. (ap+--+ap)oxCajox+---+ayoux,
2. ao(—x) C H,
3. aqox1+---+a,0ox, C H

Proof. Straightforward. O

4. Basis and dimension

In the sequel of this note, unless otherwise specified, we assume that V =
(V,+,0, K) is a hypervector space over the field K.

Definition 4.1 ([2]). Let S be a subset of V. Then the linear span of S is
the smallest subhyperspace of V' containing S and denoted by SP(S). If S is a
nonempty subset of V, then

SP(S) = {zeV:izxed ! aoy,a €K, yeS1<i<nneN}
= {zmi+ - 4zp:zi€a;0y,a, € K,y; € 5,1<i<n,neN}.

We say that S spans V, if SP(S) = V. It is easy to verify that if A and B are
subsets of V' such that A C B, then SP(A) C SP(B).

Proposition 4.2. Let V' be strongly left distributive and x1, ..., Tn, Y1, -, Ym €
V', such that {y1,...,ym} spans V and y1,...,ym € SP(x1,...,2,). Then
{z1,..., 2} spans V.

Proof. Let x € V. Then x € bjoy; + - -+ by 0yYm, for some b; € K,1 < i < m.
On the other hand,

Y1 €0a110%1+ -+ A1pn 0 Ty

Y2 €a210x1 + -+ a2, O Xy

ymeamloxl+"'+amnoxn
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for some a;; € K,1 <i¢<m,1 <j <n. Thus

xebo(anoxy+---+amoxy)+--+bpo(amiors+ -+ amnoxy)
Chio(ajnox)+--+bro(apoxy)+---
+ by o (a1 oxy) 4+ -+ + by © (A © Tp)
= (bian)ox1+ -+ (braw) oxp + -+ (bpani) o x1 + -+ + (bpamn) © Ty,
= (bia11 + -+ + bman1) oxy + -+ + (brain + - - + bamn) © Ty
CSP (x1,...,xy).

Hence SP(x1,...,x,) = V. O

Definition 4.3. (i) A hypervector space V over the field K is said to be K-weak
invertible or shortly weak invertible if and only if

Va € K,Yu,v € V,u € aowv implies that v € a’ o u, for some a’ € K.

(i) ([2]) A hypervector space V over the field K is said to be K-invertible or
shortly invertible if and only if

Ya # 0 € K,Yu,v € V,u € aov implies that v € a Lo w.

Proposition 4.4. Let V' be weak invertible and {x1,x2,y1,y2} C V, such that
x1 € bioyy and xg € byoys, for some by, by € K. Then SP(x1,x2) = SP(y1,y2).

Proof. Let z € SP(x1,x2). Then z € a; o x1 + ag o x9, for some aj,a2 € K. So

zEalo(bloyl)—l—aQo(bgoyg)
= (a1b1) o y1 + (az2b2) o yo
C SP (y1,92)-

Thus SP(x1,22) C SP(y1,y2). On the other hand, y; € b} o 21 and ya € bl oo,
for some b},b, € K. Now let w € SP(y1,y2). Then w € ¢; oy + ¢ 0 yo, for
some c1,co € K. So

w € ¢y 0 (b oxy) + ca0 (b ox)
= (Clbll) oxy + (626,2) o)
C SP (1, x2).

Thus SP(y1,y2) € SP(x1,x2). Therefore SP(x1,22) = SP(y1,y2). O

Proposition 4.5. Let V be strongly left distributive and x1, ..., T,y € V. Then
SP(x1,...,xn,y) = SP(x1,...,2,) if and only if y € SP(x1,...,2,).
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Proof. (<) Let y € SP(z1,...,2,). Theny € aj oz + - + a, o x,, for some
ai,...,an € K. Nowifz € SP(z1,...,2p,y), then z € ajox1+---+al, oz, +boy,

for some af,...,al,,b € K. Thus

re€aioxy+ --+a,om, +bo(agomr + -+ a,owxy)
C a0t + a0 antbo(arom)+ -+ bo (anon)
=djoxy+- - +a,ox, + (bay) oz + -+ (bay) o xy,
= (a} +bar) ox1 + -+ + (al, + bay) o zy,
C SP(z1,...,%n).

Consequently, SP(z1,...,2n,y) € SP(z1,...,2,). On the other hand, by Def-
inition 4.1, SP(x1,...,2,) € SP(x1,...,2n,y), and so the equality holds.
(=) It is clear that y € SP(x1,...,2yn,y). Thus y € SP(x1,...,2,). O

Definition 4.6 ([2]). A subset S of V is called linearly independent if for every
vectors x1,...,x, € S and ¢1,...,¢, € K, 0 € ciox1 + -+ + ¢, 0 T, implies
that ¢; = --- = ¢, = 0. Note that some hypervector spaces V (some set W
of vectors) may not have any collection of linearly independent vectors. Such
hypervector space (set) is called independentless. S is called linearly dependent
if it is not linearly independent. A basis for V is a linearly independent subset
of V such that spans V. We say that V has finite dimensional if it has a finite
basis. If V' has a basis with n vectors, then every basis for V has n vectors. In
this case the number n is called the dimension of V', denoted by dim V = n.

Proposition 4.7. IfV is strongly distributive, then for any linearly independent
subset {xij,1 <i<m,1 <j<n} ofV, the set

1‘11"‘9
S = N

R ()
)

o
1o

..xmn

is a basis for the hypervector space (MY . @, ®,R) is defined in Proposition
3.6, and so dim M,V . = mn.

11 Tin
Proof. Let o € MY, .. Then
Tl Tonn
T11 - Tin z11---0 0 -0
Tl Toom 0 -0 0 Tyn
z11---0 0 -0
e 106 +---4+10|:

o
o
o

..:L‘mn
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Thus S spans MY, ... Now we show that S is linearly independent. For this, let

0 - 0] x11---0 Ox12---0 0 --0
ot | €ano | | Fazo | o |ttt ameo | 2o |,
0 -+ 0] 0 - 0] 0 0 0 Tmn
for some a1, a9, ..., am, € K. Then
[0 - 0] [ 2 @iy |
| e oo xllealloxll, EalloOZj#ll 4+ -+
_Q : Q_ _x%ril }nln
-fﬂﬁn"'f’?m
+ oo S € Gy, © Ty, Tii - € Gy, © 0,45 # mn
[Tl T
i aty 0 @, o Yy
— : : : LTy {awox” TS_Z.].
aijo0 rs#ij

2 W+ 20 T

Thus 0 € Y™ aty,...,0 € ™M at . ...,0 € SMal,,...,0 € Y at,
Hence

Ocanoxii+y ;mjao0=0€ay oz
QEa1205012+2?£ai°Q:>Q€a1201’12

OEZZ 1azog+amnoxmn:>Q€amnOl’mn

Consequently, 0caj1oxiit+apoxriot+ -+ amnoTmn andsoa; =ag = -+ =

amn = 0. Therefore S is linearly independent and forms a basis for MY . O

Lemma 4.8. Let V be strongly left distributive and {x,y, z} be a linearly inde-
pendent subset of V. Then {x +y,y + z,x + z} is a linearly independent subset
of V.

Proof. Let 0 € aj o (z +y) + a2 o (y + z) + ag(z + z), for some a1, as2,a3 € K.
Then

Oc€ajox+aoy+asoy+asoz+azoxr+aszoz
= (a1 +ag)ox+ (a; +az)oy+ (az+as)oz.

Hence a1 +a3 =0,a; + a3 =0,a2 + a3 =0, and so a1 = as = ag = 0. O

Proposition 4.9. Let V be strongly left distributive and x,y be linearly in-
dependent vectors of V. If ai,a9,b1,bo € K, such that by # 0,bo # 0 and
ai1by — bras # 0, then for all ty € aj ox,to E azoy,s1 € by ox and s € by oy,
the vectors t1 + to and s1 + so are linearly independent in V.
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Proof. Let 0 € co (t; + t2) + d o (s1 + s2), for some ¢,d € K. Then 0 €
co(ajox+asoy)+do(byox—+byoy) C co(ayox)+co(azoy)+do(box)+do(byoy) =
(car)ox+ (caz)oy+ (dby) oz + (dby) oy = (cay + dby) ox + (caz + dby) oy. Thus
cay + dby = 0, cas 4+ dbs = 0. Hence ¢ = d = 0. Therefore t1 + t5 and s1 + so are
linearly independent. O

Proposition 4.10. IfV is strongly left distributive, then any subset of V' con-
taining zero is linearly dependent.

Proof. Let H = {0,z1,22,...,2,} C V. Then0 € 100+00x1+00x9+- - -+00x,,.
Thus H is linearly dependent. O

Theorem 4.11. Let V be anti-left distributive. Then 8 = {x1,...,x,} s a
basis for V if and only if every element x € V belongs to a unique sum in the
formcioxy+ -+ cpoxy, withc; € K.

Proof. (=) [2, Lemma 3.4

(«<=) By hypothesis  spans V. Now let 0 € a; oz + -+ - + a, o z,, for some
a1,...,an € K. By Lemma 2.5, 0oz; < V,1<i<n. So0€0ox;,1 <i<n.
Hence 0 € 0oxq +---+00x,. From uniqueness it follows that a; = 0,1 <i < n.
Therefore S is linearly independent and consequently it is a basis for V. O

Proposition 4.12. If (V,+,0,R) is a strongly left distributive hypervector space
over the field R and {x,y,z} is a basis for V, then the set {x +y,y + z,x + z}
is another basis for V.

Proof. By Lemma 4.8, the set {x +y,y+ 2,2+ 2} is linearly independent. Now
let w € V. Then there exist a,b, ¢ € R, such that w € aox+boy+ coz. Suppose

o = a—b—{—c’b,: c—a—i—b?C,: b—c—i—a.
2 2 2
Then it is easy to verify that w € a’o(x+y)+V o (y+2) 4+ o (z+ z). Therefore
{r+vy,y+ 2,2+ 2} spans V and so it is a basis for V. O

Theorem 4.13. Let V' be invertible and H be a subhyperspace of V with basis
B. Then fU{y} is linearly independent, for ally € V'\ H, such that 0oy = {0}.

Proof. Let f = {x1,...,z,} and f U {y} be linearly dependent. Then 0 €

ayoxy+---+a,ox,+boy, for some dal,...,al,,b € K, such that at least one
of the coefficients is nonzero. Thus 0 = t1 +---+1, +¢, for some t; € a;0x;,¢c €
boy. Now if b # 0, then y € b= oc. Hencey € b=lo(~t; —--- —t,) C

blo(=t))+--+blto(~t,) Cblo(=adjox)+ - +blo(-d,oz,) =
(=b~ta}) oz + -+ (=b"tal) ox, C H. Which is contradiction. Also if b = 0,
then 0 € af ox1 +--- +aj, oxy, + 00y, such that at least one of a’s is nonzero.
Thus 0 € a}oxy+---+a), ox,, Which is a contradiction, too. Therefore JU{y}
is linearly independent. O
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Theorem 4.14 ([2]). Let V' be strongly left distributive and invertible. If V has
a finite basis with n elements, then every linearly independent subset of V' has
no more than n elements.

Theorem 4.15. Let V be strongly left distributive and invertible such that
dimV = n and 0oy = {0}, for ally € V. Then any linearly independent
subset S of V. with n wvectors is a basis for V.

Proof. Let S = {z1,...,2,} and H = SP(S). If H # V, then there exists
y € V\ H. Thus by Theorem 4.13, {z1,..., 2y, y} is linearly independent with
n + 1 elements, which is in contradiction with the Theorem 4.14. Therefore
H =V and so {x1,...,z,} is a basis for V. O

Theorem 4.16. Let X be a finite spanning set for V.. Then X U{y} is linearly
dependent, for anyy € V '\ X.

Proof. Let X = {z1,...,zp} and y € V\ X. Theny € ay ox1 + - -+ + ap, © Ty,

for some a1,...,a, € K. Thus y =t14+---+t,, for some t; € a;0x;, 1 <i<n.
So0=y—t1——t, €loy—ajox; —--+—ayox,. Therefore {z1,...,2,,y}
is linearly dependent. O
Proposition 4.17. Let V be invertible and 0oy = {0}, for ally € V. If the set
{z1,..., 20} is linearly independent in V, such that {x1,...,Tn, Tntl, .., Tm}
is linearly dependent, for any m > n, then {x1,...,x,} is a basis for V.

Proof. Let H = SP(z1,...,2,) and V # H. Then there exists y € V' \ H such
that by Theorem 4.13, the set {x1,...,2,,y} is linearly independent, which is
a contradiction. Therefore V = H. O

Proposition 4.18. Let Wy and Wy be strongly left distributive and invertible
subhyperspaces of V' such that W1 C Wy and dim W1 = dim Ws. Then W, = W,

Proof. Let {x1,...,z,} be a basis for W; and W; # Ws. Then there exists
y € Wy \ Wj. Thus by Theorem 4.13, {x1,...,2,,y} is a linearly independent
subset of Wy with n + 1 vectors, which is in contradiction with the Theorem
4.14. Therefore Wy = Ws. O]

Proposition 4.19. Let V be strongly left distributive and invertible and {x1, ...,
xn} be a linearly independent subset of V.. If x € V' such that 0 o x = {0} and
x ¢ SP(x1,...,2y), then {z1 + x,...,xn + x} is linearly independent in V.

Proof. Let 0 € ay o (1 + )+ --- 4+ ap o (z, + ), for some ay,...,a, € K.
Then0 €ajoxy+---+apoxy,+(a1+---+ap)ox. So0=1t1+---+t, +b,
for some t; € ajox;, 1 <i<mn,be(a;+---+ap)ox. Nowifay +---+a, #0,
then € (ay +---4+ap)tob=(ar+ - +ap) to(—t; — - —1t,) C (a1 +
cotap)to(—arox — - —agoxy) C (—ar(ar +-+an) Hox + -+
(—an(ar + -+ an)™ ) oz C SP(21,...,2,). Which is a contradiction. Also
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ifar+---4+a,=0,and a; #0 for some 1 < j <n,then0€ajoxi+---+aj;o
zj+--+a,0ory, +00x=a0x1+---+a;ox;+- -+ apox, Whichisa
contradiction, too. Thus a1 + -+ a, = 0 and a; = 0 for all 1 < i < n, which
it means that {z1 + z,..., 2z, + z} is linearly independent in V. O

Definition 4.20. Let V be anti-left distributive and finite dimensional with
order basis = {x1,...,z,}. (The basis § is called ordered basis, if the order of
it’s vectors is important). Then by Theorem 4.11, every vector z € V belongs
to a unique sum in the form aj o x1 + - -- + a, © &, with a; € K. The scalars
ai,...,ay are called the coordinates of x relative to the basis . The coordinate
matrix (or coordinate vector) of x relative to § is the column matrix in K"
whose components are the coordinates of x, i.e.

ai

(2] 8=
an

It is clear that the coordinate matrix of x relative to § is unique.

Theorem 4.21. Let V be strongly left distributive and finite dimensional. Let
B=A{x1,...,zn} and = {£1,...,%,} be two ordered basis for V, such that

a1

A1n
Suppose P = [aijlnxn. Then [z]y = P [z]s, for allz € V.
Proof. Let z € V and

by
wlg=1 :
bn,
Then
n n n n n
xEZbioa'ciQZbio Zazjoxi QZZaijb;oxi.
i=1 i=1 j=1 i=1 j=1
Thus
- n -
Z aljbj ,
7=1 bl
as=| :  |=P|: |=Pk
n , l’)
> anjb; "
L J=1 J

O

Remark 4.22. The matrix P in Theorem 4.21, is called the transitive matrix
from basis 3 to basis 5.
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5. Linear transformations between hypervector spaces

In this section we investigate the concept of linear transformation between two
hypervector spaces. Let V and W be hypervector spaces over the field K. Then
a function T': V — W is called

1. linear transformation iff T'(z + y) = T(x) + T(y) and T(aox) C ao
T(z),Vz,y € V,a € K,

2. good linear transformation iff T'(z +y) = T'(x) + T(y) and T(a o z) =
aoT(x),Vr,y € V,a € K.

The kernel of linear transformation T : V' — W is denoted by ker T" and defined
by ket T ={x eV :T(x) € Qv }.

Proposition 5.1. Let T : V — W be a good linear transformation. Then

T(En: a; © .CIZZ) = znj a; © T(.%'l)
=1 i=1

Proof. Straightforward. O

Proposition 5.2. Let (V™ @y, Om, K) and (V™ @y, Op, K) be two strongly
distributive hypervector spaces is defined in Proposition 3.4, such that m < n.
Then T : V™ — V™ with the following rule is a good linear transformation.

[ 21+ 2o
To + T3
T
T = |Tm-1+Tm
Tm T+ x2
| T1+ 22
Proof. Straightforward. O

Example 5.3 ([2]). Let (V,+,., K) be a classical vector space, P be a subspace
of V' and the external hyperoperation o : K x V. — P,(V) is defined by a o
x=ax+ P, foralla € K,x € V. Then (V,+,0, K) is a strongly distributive
hypervector space.

Example 5.4. Let (R? +4,-,R) be the classical vector space and (R?, +,0,R)
be the strongly distributive hypervector space is constructed in Example 5.3,
with P =R x {0}. Then

T: ((R2)25@27®27R> — ((R2)3;@37®3,R)

(-2

r+y
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is a linear transformation, where ((R?)2 @y, ®2,R) and ((R?)3?,®3,®3,R) are
the hypervector spaces defined in Proposition 3.4.

Proposition 5.5. Let T : V — W be a linear transformation and x1,...,x, €
V' such that T'(z1),...,T(xy,) be linearly independent in W. Then x4, ..., x, are
linearly independent in V.

Proof. Let 0 € aj o1 + -+ + a, o xy,, for some a; € K. Then 0 = T(0) €

T(ajoxy+---+apoxy) CajoT(r1)+--+apoT(xy). Thusay =--- =a, =0,
and so z1,...,T, are linearly independent. ]

Theorem 5.6. Let W be a hypervector space such that Qw = {0y} and T :
V — W be a linear transformation. Then T is injective if and only if ker T' =

{0y }.

Proof. Let T be injective and = € ker T. Then T'(z) € Quw = {0}. Thus T'(z) =
0 = T(0), and So z = 0. Hence kerT" C {0}. On the other hand, 0y, € ker T,
because T'(0y,) = Oy € Qyy. Therefore ker T' = {0y, }. Conversely, let ker T' = {0}
and 1,z € V, such that T'(x1) = T'(z2). Then T'(z1 — x2) = T(x1) — T'(z2) =
0 € Q. Thus 1 — x5 € ker T, and so &1 = x2. Consequently T is injective. [

Theorem 5.7 ([2]). Let V be strongly left distributive, invertible and finite di-
mensional. If W is a subhyperspace of V, then dimW < dim V' and dim V/W =
dim V' — dim W, where the external hyperoperation x : K x V/W — P,(V/W)
is defined by ax (v+ W) =aov+ W.

Theorem 5.8 ([2]). Let V and W be strongly left distributive hypervector spaces
over the field K, and T : V — W be a linear transformation. Then
V (V)

~

ker T ~ Qu

Proposition 5.9 ([10]). (i) If V is strongly left distributive, then dim Qy = 0
and SP(0) = Qy.
(i1) If W <V such that dim W = 0, then SP(0) = W.

Theorem 5.10. Let V and W be strongly left distributive, invertible and finite
dimensional hypervector spaces. If T : V. — W is a linear transformation, then

dimker7 4+ dim7(V) = dim V.

Proof. By Theorem 5.8, ke% = @ Thus dimke% = dim % Hence by
Theorem 5.7, dim V' — dimker 7' = dim 7'(V') — dim Q2. Then by Proposition 5.9,

dimV — dimker T = dim 7'(V'). Therefore dimker 7'+ dim7(V) = dim V. O

Corollary 5.11. Let V and W be strongly left distributive, invertible and finite
dimensional hypervector spaces such that dimW < dimV. If T :V — W is a
linear transformation, then dimker T > 0.
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Proof. It is clear that T(V) < W, so by Theorem 5.7, dim 7' (V) < dim W.
Hence dim T (V) < dimV. Thus by Theorem 5.10, it follows that dimker 7" =
dimV — dim T(V) > 0. O

Corollary 5.12. Let V and W be strongly left distributive, invertible and finite
dimensional hypervector spaces, such that dimV = dimW, Qy = {0y} and
Qw ={0w}. IfT:V — W is a linear transformation, then T is injective if
and only if T is surjective.

Proof. Let T be surjective. Then T'(V')) = W and so by Theorem 5.10, dim ker T’
=dimV —dim 7T (V) = dimV — dim W = 0. Thus by Proposition 5.9, ker T" =
SP(®) = Qy = {0y}. Hence by Theorem 5.6, T is injective. Conversely,
if T is injective, then by Theorem 5.6, kerT" = {0y,}. Thus by Proposition
5.9, kerT = Qy = SP(0) and so dimkerT = 0. Thus by Theorem 5.10,
dim7T'(V) = dimV = dim W. Hence by Proposition 4.18, T'(V) = W. O

Corollary 5.13. Let V and W be strongly left distributive, invertible and finite
dimensional hypervector spaces, such that dimV = dimW, Qy = {0y} and
Qu ={0w}. If T: V — W s a linear transformation, then the followings are
equivalent:

1. T is isomorphism;
2. T 1is injective;
3. T is surjective.

Theorem 5.14. Let V and W be hypervector spaces and T : V. — W be
an isomorphism (i.e. T is a good linear transformation, which is injective and
surjective). Then the followings hold:

1. If {x1,...,zn} is linearly independent in V, then {T(x1),...,T(xy)} is
linearly independent in W.

2. If {z1,...,xn} spans V, then {T(x1),...,T(x,)} spans W.
3. If{x1,...,zn} is a basis for V, then {T(x1),...,T(xn)} is a basis for W.
4. dimV =dim W.

Proof. 1. Let 0 € a3 o T(x1) + -+ + ap, o T'(xy), for some a; € K. Then
0=T0)eT(aiox1+ - -+a,oxy) andso 0 € ay oz + -+ + ay o z,. Hence
a; =0, 1 <i <n. Therefore {T'(x1),...,T(zy)} is linearly independent.

2. Lety € W. Theny = T(z), for some z € V. Thus x € ajox1+- - -+anoxy,
for some a; € K. Hence y = T(x) € T(ap0ox1 + -+ apoxy,) =ajoT(x1) +
-+ ay o T(xy). Therefore {T(x1),...,T(xy)} spans W.

3. It is obtained from (1) and (2).

4. Tt is obtained from (3).
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Theorem 5.15. Let V and W be finite dimensional hypervector spaces with
ordered bases B = {x1,...,zp} and B = {y1,...,Ym}, respectively. If T : V —
W is a linear transformation such that

alj
Vi<j<n, [T(zj)l;=
amj

Then the m x n matriz Ap = [a;] is such that Vo € V. [T(z)] 5 = Ar [z]g.

Proof. Proof is similar to the proof of Theorem 4.21. O

Remark 5.16. The matrix Ay in Theorem 5.15, is called the matrix of T
relative to the bases 8 and 5.

Proposition 5.17 ([7]). Let V and W be hypervector spaces over the field R.
Assume that L(V, W) denotes the set of all good linear transformations from V
to W. For every T, S € L(V,W),a € R, and x € V, suppose that:

i (T+S)(x)=T(z)+ S(z),
iia0T={T"e L(V,W):T'(z) € T(aox), for every x € V}.

Then (L(V,W),+,®,R) is a hypervector space over the field R. If V and W
are strongly left distributive, then L(V, W) is strongly left distributive, too.

Theorem 5.18. Let V and W be hypervector spaces over the field R, with
bases = {x1,...,2n} and 3 = {y1,...,ym}, respectively. Let W be strongly
left distributive, a o0 = {Oy }, for alla € R and 0oy = {0y}, for ally € W.
Then the mapping
G: L(V,W) — Mpxn
T+— AT

is an injective and good linear transformation, where My, xn = (Mpxn, +, ., R)
is the ordinary vector space of matrices and A is the matriz of T relative to
the bases 3 and (3.

Proof. Let T, S € L(V,W) and

a1y blj
Q5 bmj

Then G(T') = Ar = [aij]mn and G(S) = Ag = [bijlmn. Also,

m m

(T + S)(x;) = T(x;) + S(x;) € Y aijoyi+ > bijoyi =Y (aij +bij) o s

i=1 =1 =1
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Hence
G(T+S) = AT+S = [aij + bij]mn = [aij]mn—l-[bij]mn = Ar+Ag = G(T)—I—G(S).
Therefore G(T + S) = G(T) + G(S). Now if a € K and T € L(V, W), then

GaoT)={G(S):S€aeT}={G(S):Vx eV, S(z) €aocT(x)}
={Ag:Vz eV, S(x) €caoT(z)},

such that for all Ag € G(a®T) and 1 <j <n,

S(xj) € aoT(xj) Cao(aijoyr + + + Amj O Ym)

Caayjoyr + -+ aGmj © Ym,

o) wa;
[S(;)]5 =

Q5

Thus Ag = [aasj],,, = a-|ayl,,,, = a-Ar = a-G(T). Therefore G(a © T) =
a - G(T). Consequently G is a good linear transformation. Now let T be a
good linear transformation such that G(T') = Ar = [0]p,. Then T'(z;) €
Ooyi+---+00y, ={0}, forall 1 < j <mn. Thus T' = 0, because ao 0 = {0y},
for all @ € K. Therefore GG is injective. O

Corollary 5.19. Let V and W be hypervector spaces over the field R, with
bases = {x1,...,x,} and B = {y1,..-,ym}, respectively. Let W be strongly
left distributive, a o0 = {Oy }, for alla € R and 0oy = {0y}, for all y € W.
Then L(V,W) = My, xn.

Proof. Let G be the good linear transformation defined in Theorem 5.18. Then
By Theorem 5.8,
L(V,W) _, Mpxn
kerG Qo

It is easy to verify that Qaz,,... = {On,,.,, }- Also by Theorem 5.6, ker G = {0}.
Therefore L(V, W) = M, xn. O

Corollary 5.20. Let V and W be hypervector spaces over the field R, with
bases = {z1,...,2n} and 3 = {y1,..-,ym}, respectively. Let W be strongly
left distributive, a 00 = {Oy }, for alla € R and 0 oy = {Qy }, for ally € W.
Then dim L(V,W) = dim V x dim W.

Proof. By Corollary 5.19, L(V, W) = M,,xy. Thus by Theorem 5.14,

dim L(V, W) = dim My, = m X n=dim V' x dim W.



SOME RESULTS ON HYPERVECTOR SPACES 41

References

[1] R. Ameri, Fuzzy hypervector spaces over valued fields, Iranian Journal of
Fuzzy Systems, 2 (2005) 37-47.

[2] R. Ameri, O. R. Dehghan, On Dimension of hypervector spaces, European
Journal of Pure and Applied Mathematics, 1 (2008), 32-50.

[3] P. Corsini, Prolegomena of hypergroup theory, Second Edition, Aviani Edi-
tor, 1993.

[4] P. Corsini, V. Leoreanu, Applications of hyperstructure theory, Kluwer Aca-
demic Publications, 2003.

[5] B. Davvaz, V. Leoreanu-Fotea, Hyperring theory and applications, Interna-
tional Academic Press, USA, 2007.

[6] F. Marty, Sur une generalization de la notion de groupe, 8th congerss des
Mathematiciens Scadinaves, Stockholm, 1964, 45-49.

[7] P. Raja, S. M. Vaezpour, On 2-strong homomorphisms and 2-normed hy-
persets in hypervector spaces, The Journal of Nonlinear Sciences and its
Applications, 1 (2008), 213-223.

[8] M. Scafati Tallini, Hypervector spaces, Proceeding of 4th International
Congress on Algeraic Hyperstructures and Applications, Xanthi, Greece,
1990, 167-174.

[9] M. Scafati Tallini, Weak hypervector spaces and norms in such spaces, Proc.
of 5th International Congress on Algebraic Hyperstructres and Applica-
tions, Tasi, Romania, 1994, 199-206.

[10] M. Scafati Tallini, Matroidal hypervector spaces, journal of Geometry, 42
(1999), 132-140.

[11] M. Scafati Tallini, Characterization of remarkable hypervector spaces, Proc.
of 8th international Congress on Algebraic Hyperstructures and Appliction,
Somathraki, Greece, 2003, 231-237

[12] A. Taghavi, R. Hosseinzadeh, Hahn-Banach theorem for functionals on hy-
pervector spaces, The Journal of Mathematics and Computer Sciences, 2
(2011), 682-690.

[13] T. Vougiouklis, Hyperstructures and their representations, Hadronic Press,
1994.

Accepted: 24.08.2015



