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ON GENERALIZED SHIFT TRANSFORMATION SEMIGROUPS

FATEMAH AYATOLLAH ZADEH SHIRAZI, FATEMEH EBRAHIMIFAR

ABSTRACT. In the following text we prove that for finite discrete X with at
least two elements and infinite I', the generalized shift transformation semi-
group (S, XF) is equicontinuous (resp. has at least an equicontinuous point,
is not sensitive) if and only if for all w € T, {¢(w) : 0, € S} is finite. We
continue our study regarding distality and expansivity of (S, XT).

1. INTRODUCTION

The concept of generalized shifts has been introduced for the first time in [2] as
a generalization of one-sided shift {1,...,k}N — {1,...,k}" and two-sided shift
(al7a2;"')’_>(a27a37“‘)
{1,...,k}2 — {1,...,k}%, which are well-known in dynamical systems’ approach
(an)nez—(ant1)nez
and ergodic theory [9]. Suppose K is a nonempty set with at least two elements, T’

is a nonempty set, and ¢ : I' — T is an arbitrary map, then o, : K" — KT
(Ia)aerH(l’w(Q))aer

denotes a generalized shift. It’s evident that for topological space K, 0, : K I KT
is continuous, where KT is equipped with product topology, moreover if K has a
group structure, then o, : K I' 5 KU is a group homomorphism. Dynamical (and
non-dynamical) properties of generalized shifts has been studied in several papers,
like [3] and [8]. In the following text we study equicontinuity and distality in
(S, X"), where X is a finite discrete space and S is a semigroup of generalized
shifts on XT.

2. PRILIMINARIES

Background on uniform spaces. Let’s recall that for arbitrary set Y we say K
is a uniformity on Y if IC is a collection of subsets of Y x Y such that:

Vae K (Ay C a);

Va,f € K (anp e K);

VaeKk VBCY XY (aCpB=peck)

VaeK 3peKk (BoB!Ca);
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where Ay = {(y,y) : y € Y} and for o, 3 C Y x Y we have a=! = {(y,2) : (z,y) €
a}, cof={(z,y): Iz ((z,2) € a A (z,y) € f)}. If K is a uniformity on Y we call
(Y, K) a uniform space, also for all « € K and z € Y, let afz] :={y: (z,y) € a};
so7:={U CY :3a € K (afz] CU)} is a topology on Y, we call it the uniform
topology induced by K and equip (Y,K) by 7. For topological space Z we say Z
is uniformzable and uniformity H is a compatible uniformity on Z, if the uniform
topology induced by H coincides with original topology of Z. Every compact Haus-
dorff topological space is uniformzable and has a unique compatible uniformity. For
more details on uniform structures we refer the interested reader to [6].

If A is a collection of maps from uniform space (Y, Ky ) to uniform space (Z,Kz), we
say A is equicontinuous if for all o € Kz, there exists § € Ky with

AB = A{(f(2), f(y) : f € A (z,y) € B} C .

Background on transformation semigroups. By a (topological) transforma-
tion semigroup (S, Y, ) or simply (S,Y’) we mean a compact Hausdorff topological
space Y (phase space), discrete topological semigroup S (phase semigroup) with
identity e and continuous map 7 : S XY — Y (n(s,x) =sx forse€ Sand z € Y)
such that for all z € Y and s,t € S we have ex = x and (st)x = s(tz). Consider
the transformation semigroup (S,Y’) with unique compatible uniformity H on Y,
we say:

o (S,Y) is equicontinuous if for all o € H there exists § € H with
SB = {(sz,sy) : s €8, (z,y) € B} C

e x €Y is an equicontinuous point of (S,Y) if for all &« € H there exists open
neighbourhood U of x with {(sx,sy):s€ S,,y e U} C o

e (S,Y) is expansive if there exists o € H such that for all distinct z,y € Y
there exists s € S with (sz, sy) ¢ o;

e (5,Y) is sensitive if there exists o € H such that for all z € Y and open
neighbourhood U of z there exists s € S and y € U with (sz,sy) ¢ «. So
if (S,Y) is sensitive, then it has a non-equicontinuous point and it is not
equicontinuous.

Moreover in the transformation semigroup (S,Y) for all s € S the map 7 : Y — Y
with 7%(y) = sy (for y € Y) is continuous, sometimes we denote 7° simply by
s. We call the closure of {7* : s € S} in Y'Y with pointwise convergence (or
product) topology, the enveloping semigroup and denote it by E(S,Y’) or simply
by E(Y). If (S,Y) is an equicontinuous transformation semigroup, then FE(S,Y)
is an equicontinuous family on Y [7] and [4], in particular all elements of E(S,Y)
are continuous maps on Y. The enveloping semigroup has a semigroup operation
under the composition of maps [7]. In the transformation semigroup (5,Y") we say:

e (S,Y) is distal if it satisfies each of the following equivalent conditions
(hence, in distal transformation semigroup (S,Y") all elements of E(S,Y)
(and in particular S) are bijections from Y to Y) [7]:

— E(S,Y) is a group;

— for all z,y,z € Y and net {sx}aep in S with /l\injl\s,\x =z = lim s,y
€

1
AEA
we have z = y;
e (S)Y) is weakly almost periodic, if all elements of E(S,Y) are continuous
maps on Y (so, it’s evident that all equicontinuous transformation semi-

groups are weakly almost periodic) [5].
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Convention 2.1. In the following text suppose X is a finite discrete space with at
least two elements, T is an infinite set, S is a semigroup of generalized shifts on X
(equip X' with product topology) containing the identity map on X', T = {p €
I'": 0, € 8}. Thus we may consider the transformation semigroup (S, X") where
the elements of S acts in a natural way on X*. For H C T, let:

o = {((xw)wéf‘v (yw>w€F) S XF X XF Yw e H (zw = yw)} .
Then
F:={aC XU x XU : there exists a finite subset H of T with gy C a}t

is the unique compatible uniformity on XU.
On the other hand one may verify that for all p,n: T — T, we have

® 0,00, = Onop;

o o, =0y if and only if p = n;

e oigp = idxr (where byidz : Z — Z we mean idz(w) = w(w € Z)).
Therefore, if M is a family of generalized shift on X¥, M is a semigroup (con-
taining the identity map on X' ) if and only if {¢ € T : 0, € M} is a semigroup
(containing the identity map on T), in addition {p € I'' : 0, € M} — M s bijec-

n—on
tive. In particular, T is a semigroup (under the operation of composition of maps)
containing idr and 7;3 S is bijective.
Note 2.2. The set {o, : ¢ € T} is a closed subset of C(XY, XT) (the collection of
all continuous maps from X to X' ) with pointwise convergence (product) topology
[, so all continuous elements of E(S,X") has the form o, for some ¢ : I — T.
In particular, (S,X") is weakly almost periodic if and only if E(S,X") C {0, :
pell}.
We call a € A a quasi-periodic point (resp. periodic point) of h: A — A, if there
exist n > m > 1 such that h™(a) = h™(a) (resp. h"™(a) = a). For f : A — B and
CCA by fle:C— B (flc(x)=f(z)(xeC)) we mean the restriction of f to
C.

3. WHEN 18 (S, XT) EQUICONTINUOUS?

In this section we prove that (S, X') is equicontinuous if and only if for all w € T,
Tw is finite.

Lemma 3.1. If (S, X") has an equicontinuous point, then for all w € T, Tw is
finite.

Proof. Suppose (qy)wer is an equicontinuous point of (S, XT'). Choose v € T, then
there exists open neighbourhood U of (qu )wer with S{(2, (qu)wer) : 2 € U} C ayyy.
There exists finite subset H of I with ay[(gw)wer] C U, hence for all ¢ € T we
have

{<U@((Zw)wel“)aU@((qw)wef)) : (Zw)wEF € aH[(qw)weF]} c ALy} -
Choose distinct p, g € X and let:

R Qu w e H, and | g w e H,
YT 1l p wel\H, Yo ' =9 gp wel\H.
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Then (zy)wer, (Yw)wer € @u[(qw)wer], therefore

(0o ((Tw)wer), 0o ((quw)wer)), (04 ((Yuw)wer)s 0o ((qw)wer)) € Ay} -

Thus Ty() = Gp(v) = Yp(v) Which leads to p(v) € H, ¢ is an arbitrary element of
T, we have Tv C H. Since H is finite, T is finite too. |

Lemma 3.2. If for allw € T, Tw is finite, then (S, X") is equicontinuous.

Proof. Suppose for all w € T, Tw is finite and o € F. There exist 81,...,8, € T
with agg, . 5,3 € o Thus H := T{f1,...,Bm} = {@(Bi) : ¢ € T,1 < i < m}
is a finite subset of I' and ay € F. We show Say C «, for this aim suppose
((xw)wer, (Yw)wer) € ag and consider:

((xw)wef‘v (Yw)wer) € anm

= (VweH (Tyw=Uyuw))
= (MpeT Vie{l,....m} (Tu@) = Yes)))
= (Vo eT ((mpw))wer, Ypw))wer) € s, . 6.})
= (VpeT ((0p((Tw)wer), 0p((Yuw)wer)) € ags,,..5,.})
= (VO’LP €S ((Utp((xw)wef)aUcp((yw)wel“)) € a{ﬁl,..‘,ﬁm})
= (o, €S ((0p((zw)wer), 0o ((Yuw)wer)) € a)
which leads us to the desired result. ([

Lemma 3.3. If (S, XV) is weakly almost periodic, then for allw € T, Tw is finite.

Proof. Suppose (S, X') is weakly almost periodic and consider wy € I' such that
Twp is infinite, choose B, B2, ... € T such that {8, (wo)}n>1 is a one—to—one se-
quence. We may suppose X has a finite cyclic group structure with identity wu.
Choose v € X \ {u}. For i > 1 choose y; = (¥ )wer € X' and y = (Y )wer € X'
such that:

i :{ vow=Fi(wo), 4 - ::{ v w=Bi(wo), B2(wo), - - . ,

Yu u  otherwise, U otherwise .
Then lim (y1 +y2+ -+ v;) = y. The sequence {0, };>1 has a convergent subnet
11— 00 -
{5, trea in E(S,XT) to p € BE(S,X"). Since (S, XT") is weakly almost periodic,

by Note there exists 1 : I' = T" with p = oy. Let (2uw)wer := Py = (Yp(w))wer
and (20})wer = DYn = (yg(w))wer‘ (n > 1). Using the continuity of p and

lim (y1 +y2 + -+ - + y;) = y we have:

11— 00
lim (py1 + -+ +py;) = lim p(y1 + -+ ¥:) = py,
i—00 1—00

which leads to:

Jim (2, + 25+t 2y) = Zu - (*)

For n > 1 and all # > n we have ygi(wo) = u, SO llgglo ygi(wO) = u, which leads to
Zwo = ;\1€n[1\ ygiA (wg) = U- Hence:

V=1 (2, + 2o, o+ 2, = 0) (**)

Using (*) and (**) we have z,, = u. On the other hand for all ¢ > 1 we have

Y8, (wo) = U, therefore v = Zli)r(r)lo Y8 (wo) = /l\lér/l\ Yps, (wo) = Zwo> which is a contradic-

tion by u # v. O
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Lemma 3.4. If (S, X7") is not equicontinuous, if and only if it is sensitive.

Proof. Suppose (S, X") is not equicontinuous, by Lemma there exists v € T’
such that Tv is infinite. Consider x = (74, )wer € X' and open neighbourhood U
of x, there exists S31,..., 0, € I" such that

{(Yw)wer € X" Ys = Tpyy- - Yp, = 25,1 S U
Choose 8 € Tv\ {f1,...,8n} and p € X \ {z3} also let:

— L w#ﬁa
yw'_{ p w=p,

then y := (yw)wer € U. There exists ¢ € T with § = ¢(v), so for (uy)wer = o, (2)
and (tw)wer := 0, (y) we have u, = x3 # p = yg = t,, thus

(0p(2),04(y)) = ((uw)wer, (tw)wer & (v} -

Hence for all 2 € X' and open neighbourhood U of z there exists y € U and o, €S
with (o,(7),0,(y)) ¢ o,y which completes the proof. O

Theorem 3.5 (main). In the transformation semigroup (S,X"), the following
statements are equivalent:

1. the transformation semigroup (S, X") is equicontinuous;

. transformation semigroup (S, X") has at least an equicontinuous point;
. the transformation semigroup (S,XF) 18 not sensitive;

. all of the elements of E(S,X") are continuous maps on X';

. forallw €T, {p(w) : 0, € S} is finite;

. forallw €T, {p(w): 0, € E(S,X")} is finite;

7. B(S,XY) C{o,:pell}.

S U W N

Proof. (1,2,3,4,5) are equivalent: First note that if (S, Z) is an equicontinuous
transformation semigroup, then all of its points are equicontinuous points, it is not
sensitive, and all of the elements of E(S, Z) are continuous, so (1) implies (2), (3)
and (4). By Lemmas[3.1]and [3.3] (2) and (4) imply (5). By Lemma (5) implies
(1). By Lemma[3.4] (3) implies (1).

(4) and (7) are equivalent by Note

Its evident that (6) implies (5).

Finally, note that in equicontinuous transformation semigroup (S,Z2), one may
consider the equicontinuous transformation semigroup (E(S, Z), Z), now using the
equivalency of (1) and (5), two items (1) and (7) imply (6). O

4. WHEN 18 (S, X') DISTAL?

In this section we prove (S, XT) is distal if and only if it is equicontinuous, and 7~
is a collection of permutations on I'. Lets recall that ¢ : I' — T is injective (resp.
surjective) if and only if o, : XU — XU is injective (resp. surjective) [2].

Lemma 4.1. If (S, X") is distal, then for allw € T the set T lw(={t €T : Jp €
T (¢(t) =w)}) is finite and for all ¢ € T the map ¢ : T' — T is bijective.

Proof. If (S, X") is distal, then for all ¢ € T the map o, : X' — XU is bijective,
so ¢ : I' = T is bijective too. Consider v € I'. If 7~ !v is infinite, then choose the
one to one sequence {vy, }p>1 in T ~'v and sequence {¢n}n>1 in T such that for all
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n > 1 we have ¢, (v,) = v (thus {¢,}n>1 is a one-to-one sequence too). Choose
distinct p,q € X and let:

w= {0 LR,

It’s evident that lim oy, ((¢)wer) = Um (QJwer = (Qwer. We prove
n— oo n—oo

n11—>120 0o, ((Zw)wer) = (Q)wer. So we should prove nh_}rglc Zon(w) = ¢ for all w € T

Consider w € I there exists N > 1 such that w # v, for all n > N, thus
on(w) # ©n(v,) which leads to ¢, (w) # v and 2, () = ¢ for all n > N, hence

nh_)ngo Zp,(w) = q which leads to the desired result. Since nh_)ngo 0o, ((Zw)wer) =

li_>m 04, ((Q)wer) and (2y)wer # (@)wer, (S, XT) is not distal, which is in contra-

diction with our assumption and completes the proof. ([

Lemma 4.2. Suppose T is a semigroup of permutations on I' and w € T'. The
following statements are equivalents:

1. Tw is finite;

2. T tw is finite;

3. Tw =T lw is finite.

Proof. (1) = (2): Suppose Tw is finite and consider ¢ € T, since {¢™(w) : n >
1} € Tw, the set {¢™(w) : n > 1} is finite too, so there exists n > m with
©"(w) = ¢™(w), hence " ™(w) = w and w is a periodic point of ¢, however
@*(n=m)=1 ¢ T which leads to o~ (w) = @*™ =™ ~1(w) € Tw. Thus T 'w C Tw
and 7 ~!w is finite.

(2) = (1): Suppose T 'w is finite, then 7/ := {p™! : p € T}(= T 1) is a
semigroup of permutations on I' and 7"w is finite, now using “(1) = (2)”, 7' ~lw =
Tw is finite.

Using the proof of “(1) = (2)”, and the above proof its clear that “(1,2) = (3)”. O

Lemma 4.3. If forallp € T, ¢ : T — T is bijective and for allw € T, Tw = T 'w
is finite, then (S, XV) is distal.

Proof. Suppose for all p € T, ¢ : T' — T is bijective and for allw € T, Tw = T ‘w
is finite. Consider the net {¢x}rea in 7 and (Tw)wers (Yuw)wer, (Zw)wer € XT
with }\ig[l\gtpx((zw)wer) = (2w)wer = ;\len}\ 0, ((Yw)wer). Choose v € T', the map

@ [7v: Tv = Twv is bijective since it is one to one and 7o is finite. We have
}\iérllxo'ga; [x 7T ((xw)weTv) = (Zw)weTv = }\ig}\o'cp)\ [x7o ((yw)weTv)a note to the

fact that {o,, [x7v: A € A} is a set of permutations on X 7% and it is finite (since
X 77 is finite), leads us to (T4 )weTv = (Yuw)weTo and in particular x,, = y,. Hence
(Tw)wer = (Yw)wer and (S, XT) is distal. O

Using Theorem Lemmas and [£.3] we have the following theorem.

Theorem 4.4. In the transformation semigroup (S, X"), the following statements
are equivalent:

e the transformation semigroup (S, X1) is equicontinuous and for all o € T,
p:I' =T is bijective;

e the transformation semigroup (S, X"') is distal;

o for allw € T, {p(w) : 0, € S} is finite and for all p € T, ¢ : T — T is
bijective;
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o forallw eT, {vel:3Jo, €S (pv) =w)} is finite and for all ¢ € T,
p: ' =T is bijective.

5. EXPANSIVE GENERALIZED SHIFT TRANSFORMATION SEMIGROUP (S, XT)

In this section we prove that the transformation semigroup (S, X') is expansive, if
and only if there exists finite subset H of I' such that I' = 7 H, in particular using
Theore one may verify directly that if (S, XT) is expansive, then it is sensitive.

Theorem 5.1. The transformation semigroup (S, X1 is expansive, if and only if
there exists finite subset H of T such that ' = TH.

Proof. Suppose (S, X') is expansive, there exists a € F such that for all distinct
z,y € X' there exists ¢ € T with (0,(2),0,(y)) ¢ . There exists finite subset H
of I with ay C a. Choose v € I' and distinct p,q € X and let:

I w=uv,
v '_{ g wel\{v}.
There exists ¢ € T with ((24(w))wer; (Q)wer) = (0p(2w)wer), 0u((Q)wer)) ¢ a
which leads to ((zy(w))wer, (@)wer) ¢ am, thus there exists w € H with z,(,) # q,
and p(w) = v, hence v € p(H) and I' = TH.
Now conversely, suppose there exists finite subset H of I'" such that I' = TH
also consider distinct (zy)ver, (Yo)ver € XT. There exists w € T with z,, #
Yw- Also there exist ¢ € T and h € H with p(h) = w, thus T, # Yun) and

((xgo(v))UED (ycp('u))vEF) = (Utp((l‘v)vel")vU%((yv)vel“)) ¢ ay. u

6. A DIAGRAM

Now we are ready to compare equicontinuity, distality, sensitivity and expansivity
in generalized shift transformation semigroups, via diagrams and examples. For
this aim suppose C is the collection of all transformation semigroups like (£,Y*?)
where Y is a finite discrete space with at least two elements, A is a nonempty set
and & is a subsemigroup of generalized shifts on Y (i.e., £ is a subsemigroup of
{0, : ¢ € AM}), then we have the following diagram:

Equicontinuous elements of C Sensitive elements of C
Distal elements of C Expansive elements of C

Example 6.1. Consider ¢ : Z — 7Z with o(n) = |n| (for n € Z), then
({04, i, }, {0, 1}%) is equicontinuous and it is not distal (note that o, : {0,1}* —
{0,1}% is not surjective).

Example 6.2. Consider ¢ : Z — Z with ¢(n) = —n (for n € Z), then
({04, Tidy }, {0,1}2) is distal.

Example 6.3. Consider ¢ : Z — 7 with p(n) = n? (for n € Z), then
({oyn = n > 0},{0,1}%) is sensitive and it is not expansive (since {p"™(2) : n >
0} = {22" : n > 0} is infinite, {©™(1) : n > 0} = {1} is finite, and for all finite
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subset A of Z the set {p"(i) :i € A,n >0} = {i*" :i € A,n >0} is a proper subset
of Z).
Example 6.4. Consider ¢ : Z — Z with:

n+l n>1,
en):=4 0 n=20,
n—1 n< -1,

then ({oyn :n > 0},{0,1}%) is expansive.
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