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Abstract. For given two families ER,EC of fuzzy subsets of a fuzzy hyperring R, we obtain some sufficient conditions such
that two fuzzy geometric spaces (A, Bg), (A, B¢) are strongly transitive and A be a nonzero fuzzy subset of R. Moreover,
we show that the relation « and I" on a fuzzy hyperfield R are transitive and obtain some related basic results.
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1. Introduction

Fuzzy hyperstructure is an interesting research
topic of fuzzy subsets. A hyperoperation assigns a
subset of H to every pair of elements of H, that
is defined by Marty in [18] as a generalization of
a group, while a fuzzy hyperoperation assigns a
fuzzy subset of H to every pair of elements of H.
This idea was introduced by Corsini and Tofan [10]
and studied by Serafimidis, Kehagias and Konstan-
tinidou [22] and they obtained interesting properties
in connections with an important hyperstructure,
called an interesting paper concerning the join spaces.
Recently, Sen, Ameri and Chowdhury introduced and
analyzed fuzzy hypersemigroups in [21]. Afterwards
these ideas extended to fuzzy hyperrings and fuzzy
hypermodules by Leoreanu and Davvaz in [16, 17].
A geometric space is a pair (S, B) such that S is a
nonempty set and B is a nonempty family of sub-
sets of §, that are called points and blocks. This
concept was initiated by D. Freni in [12] and he inves-
tigated some results in order to connection between
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geometric spaces and its structures. Also D. Freni
indicated that the relation B defined by Koskas [15]
(studied mainly by Corsini [8] and Vougiouklis [24])
is transitive in hypergroups. In [4] Anvariyeh and
Davvaz introduced the concept of strongly transi-
tive geometric spaces associated to hypermodules. In
[19] Mirvakili and Davvaz studied on strongly transi-
tive geometric spaces: applications to hyperrings. The
concept of fuzzy geometric space was introduced by
Ameri et.al. in [3] and they investigate some impor-
tant structures and relationships between them. In
this paper we follow [3], and introduce transitive and
strongly transitive relations on a given fuzzy geomet-
ric space and obtain some related basic results. In
particular, we prove that the fuzzy geometric space
associated to a hyperfield is strongly transitive.

2. Preliminaries

A hypergroupoid (H, o) is a non-empty set H
equipped with a hyperoperation o, that is a map
o:Hx H— P*(H), where P*(H) denotes the
family of all non-empty subset of H. If x, y € H, we
will denote by x o y the hyperproduct of x and y.
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A hypergroupoid (H, o) is said to be semi-hypergroup
if Woy)oz=xo0(yogz), for all x,y,z€ H A
hypergroup is a semi hypergroup (H, o) such that
xo H= Hox = H, for all x € H(this condition is
called reproducibility).

A non-empty setK of a hypergroup H is a subhyper-
groupof Hif xo K = Kox = K, forevery x € K.

Definition 2.1. [21] Let S be a non-empty set
and F(S) denotes the set of all fuzzy subset of
S. A fuzzy hyperoperation on S is the mapping
@:8S xS — F(S) written as (a,b)+—>a®b. S
together with a fuzzy hyperoperation @ is called
fuzzy hypergroupoid. A fuzzy hypergroupoid (S, &)
is called a fuzzy hypersemigroup, if for all a, b, ¢ of
S we have (a ® b) ® c =a® (b @ c), where for any
fuzzy subset u of F(S)

Vies(@a® () A (@), if w#0
(@® ) = { 0, otherwise
and

Vies(WO At ® a)(r)), if p#0
@ a)r) = 0, otherwise

forallr € S.

Let w,v be two fuzzy subset of a fuzzy
hypergroupoid (S, @), then we define (u @ v)(¢) =
V .qes((p) A (p @ @)(®) AV(g)), forallt € S.

A fuzzy hypersemigroup (S, @) is called a fuzzy
hypergroup, if x® S =S ®x = xg, for all x € §,
that is called reproducibility axiom.

Definition 2.2. [21] If (S, &) be a fuzzy hypergroup,
by reproducibility axiom, for every x € § there exists
apair (a, b) of elements of S such that (a & b)(x) > 0.

Definition 2.3. [16] A fuzzy hyperring is a
multi-valued system (R, @, ®) which satisfies the
following axioms:

D) adb®dc)=((@db)®c,foralla, b, c € R,

2) Xx® R=R®x = xp,forallx € R,

B)a®b=b®a,foralla,b e R,

@) a®b®c)=(@Rb)Rc,foralla,b,c € R,

(5) The multiplication is distributive with respect
to the fuzzy hyperoperation @. i.e., a @ (b ®
)=@b)d(a®c),foralla, b, c € R.

Definition 2.4. [17] Let (R, &, ®) be a fuzzy hyper-
ring and (M, @) be a commutative fuzzy hypergroup.

M is said to be a fuzzy hypermodule over a fuzzy
hyperring R, if there exists:

O:RxM— F*M); (a,m) — a®m,

such that for all a,b € M and m,my, m € M, we
have

() a®(m ®&my) =(@®m) ®(a®my)
2 @a®db)Om=@Om)®d (b om),
B) @a®@b)Om=a0® (boOm).

Definition 2.5. [21] Let p be an equivalence relation
on a fuzzy hypersemigroup (S, @) and let u, v be
two fuzzy subset on (S, ®). If u(a) > 0 implies there
exists b € Ssuchthat v(b) > 0and apb, andif v(x) >
0 implies there exists y € § such that u(y) > 0 and
xpy, then we say that upv. Also, upv, if forallx € S
such that u(x) > 0 and for all y € S such that v(y) >
0, we have xpy.

Definition 2.6. [3] Let S is a nonempty set. A fuzzy
geometric space is a pair (A, B) such that A is a
nonzero fuzzy subset of S and B is a nonempty
family of fuzzy subsets of S such that v < A, for all
v € B, whose elements we called fuzzy blocks.

Remark 2.7. [3] B is a covering of A if
A<\, epV

Definition 2.8. [3] If v{, vy, ..., v, are fuzzy blocks
of a fuzzy geometric space (A, B) such that

vi Aviy1 > 0, foranyi € {1,2,...,n — 1}, thenthe
n-tuple (vi, va, ..., v,) is called a fuzzy polygonal
of (A, B). The concept of fuzzy polygonal allows us
to define on S the following relation:
xxy&x=yorIv,vy,...,v); vi(x) >0,
va(y) > 0,

where (v, v2,...,v,) is a fuzzy polygonal.
The relation ~ is an equivalence and it is coincides
with the transitive closure of the following relation:

x~y&x=yorIveB;vx)>0, v(y) >0,
so ~ is equal to == J,., ~", where ~"=~ o ~
0...0 ~ pn times.

If Bisacovering of A, the relation ~ and & is defined
in the following simpler way:

x~y<& dve B; vx)>0, v(y) >0,
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x&y & A, vz, ..., )5 vi(x) >0, vu(y) > 0.

Theorem 2.9. [3] A fuzzy geometric space (A, B) is
strongly transitive, if the family B is a fuzzy cover of
A, and the following condition is satisfied.

For every pair (i, v) of fuzzy blocks of a fuzzy geo-
metric space (A, B) and foranyn € N :

uAv> 0, v(x)>0=FHeB, 0<a<l;(uVxy)<n.

Theorem 2.10. /3] If (A, B) is a strongly transitive
fuzzy geometric space, then the relation ~ on S is
transitive, thus ~=~ .

3. Strongly transitive fuzzy geometric spaces

Let (R, @, ®) be a fuzzy hyperring and x;; € R be
elements of R. If o € §,, then the fuzzy hypersums
and hyperproducts of the elements x;; respecting
is denoted Z?zlnl;;lxij. Denote by S, is the
symmetric group of all permutations of the set
1,2,...,n in this order. Using this notations we
define for every n € N U {0}, k; € N U {0} where
i=1,2,...,nand j=1,..., k;, we set:

Br(layy'L, .. [y D) = Z, 1H1 il

We can consider the fuzzy geometric space (A, Bg)
whose A is a nonzero fuzzy subset of R and fuzzy
blocks are the fuzzy hypersums of hyperproducts of
elements of R. Also,~we can consider another fuzzy
geometric space (A, B¢) whose A is a nonzero fuzzy
subset of R and fuzzy blocks are the supremum of
all fuzzy hypersums of hyperproducts obtained by
permuting in the following possible ways:

for every n e NU{0}, k; e NU{0} and x;; € R
wherei =1,2,...,nand j=1,...,k;, we set:
Be(xf1, . ™y = X 1H 2 Xo o ()
lo € Sy, 0i € Sk}

We can consider the fuzzy geometric space
(A, FP.(R)). By FP,(R) we mean the set of all
fuzzy finite hypersums of hyperproducts of elements
of R, that is a typical elements of FP,(R) is the form
x11®...®X1) D ... & (X1 ® ... Xpg,), N E
N.

Notation 3.1. For x;; € R, u € FP,(R) we note
Xij € U Xu; = Mo pulxij) = 1.

Lemma3.2. Let (R, &, Q) be afuzzy hyperring. Then

L M) <
),

(1) BR<[x””]
BC([xn 1.

(2) Moreover, we have

Be(xi'], ..., X)) =

- U(])GU(])(kU(l))
V{Br([x Xo(1os1y(1) LREER
Lx U(n)O'g(n)(kU(n))“

Xomogum(l) 1O € Sn: 0i € S}

Lemma3.3. Let (R, @, ®) be afuzzy hyperring. Then
for every y € R we have

(1) Bc<[x”“] LSS hey =
Be(xi¥1, ... [x ::’f"] [yD.
Q) ye BC([XH'] ) =
Be(lyl, [x)3], . ,[ "k"])
® Bellay'). .. D @y =
Be(@xi¥, yl, ... ™ y)).
@) y® Be(lxy'l..... ') =
Be(ly, i1, ..., [y, x™ny),
(5) Be(lx'1, ..., XD @
Be(yi'l, ..., Iy ’”’m])—

Be(xi1, .. [x"""] 'L D).

6) Be(lx]i'1,.... X" ) @
Be(y)i1, ..., [y )y = Bd[x{’fl v,
1k; mlm nkn
£11vym1 ’[nl’yll]
, [xZI", o).
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Proof. It is straightforward.

Lemma 3.4. Lemma 3.3 is true for the fuzzy geometric
space (A, Bg).

Lemma 3.5. Let (R, D, ®) be a fuzzy hyperring.
Then for every o € S, and o; € Sk, we have

k,l a(Doo(1)(ka(1))
BC([xll 1, ’[ " D= BC([ 0(1)(,08;(1)“) 15
a(n)gn(n)(kn(n))
» omogum 1)

Moreover, if (R, ®,®) is a commutative fugzy
hyperring then two fuzzy geometric spaces (A, Bg)
and (A, Bc) are equal.

Proof. It obtain from definition of fuzzy geometric
spaces (A, Bg) and (A, Be).

Lemma3.6. Let (R, @, ®) be afuzzy hyperring. Then

(1) If x5 € a ® b then

I .
Be(lxy'l, .. D) <
BC([x”“ ,...,[x:(f b

ke
.a, b, xr(s—H)] ,[le D.

(2) If x,5 € a® b then

1k kn =
Bc([x VLo "D < Be
(r—"1k,— r(A 1) ky
([x 1 ] » [x (r DI I] [ :(H—l)]
r(s— 1) rky (r+1)kr 1 kn
g b, xr(H—l)] Xgt1)1 e DD

3) If x5 € B = Be(ly}}' ], ..., [Y™"]), then

Be(lx']. . [ D) < BC

([x}’f‘],...,[ iﬁ‘ " Bl D)

= Be(x} 1o Ty L L I,
D,

Where

r(s—1) _mly,
> Yml

[] _ [ r(s ) 14 rk, ]

SV Xp(sgnyds o [

’ r(s+1)]'

Proof. (1) Let x5 € a ® b and

Bc([x”'] [x”k"])(y) > 0. Then there exists
o€S,, o € Sk,, such that

(Z:’:l]‘[ T Xotonn () > 0, if o) =r and
o,(v) = s, then we have Xo (U)o ) = Xrs, such that
a® b)(.xU'(”)o'D,(u)(v)) =1, we have

Be(xi¥, .. ™ () =

= 1H X0 ())
a(z) ~v—1
= (i . H j=1%a (00w () @ (LT j=1 %10, () ®
Xrs ® H] UJrler'o(r)(])) @

0(1

(Zt =u+1 H] le(l)Uo(z)(J)))(y)

we set:

Nu—l ~ ko'(i)
>zt =1 %etiomn () =

~v—1
H] lxr”a(r)(]) ®xrs ® H] v+1x”<7<7(r)(]) =V

and

—~n ~ kg(,')
> icur1 1= 1%oo0m () = 1-

Then
Be(@xiy' ], - XY D) = V(i @ v @ n)(y)
=V{V (u ® V() A (p ® N1}
PER
=V{V IV v@) A (@ q)(p)A(p
PER geR
= \/{ v [( V (H lxro-o(r)(]) ® Xrs ®
PER geR

1:[]; v 1 X056 (D@ A (M S P(p) A (p® M}
=\V{VIVV (H 1xrgg<,><,> ® Xr5)(2) A

peR geR zeR
(z® H =1%o, GO A (L @ @)(p) A (p @
m1}

= \/{ \/ [( V ( \/ (\/ (H] 1xrog(r)(j))(t) A (l &
PER geR zeR teR

X)) A (2 ® HA/:vme(,(,)( NG A (1D q)(p) A

(p® M}

= \/{ V [( \/ ( \/ (\/ (H, 1xrcrg(r)(]))(t) A

PER g€R zER teR
t®x5)2) N (@@ D)xps) AN (2 ®

l:[]; v 1%7050(NING) A (1 69 (P A (p & YN}
= V{ \/ ( \/ (\/ (\/ (H] 1)Cr<rg(,)(j))(t)A

PER geR zeR teR
V [t @w)2) A@®@bw)]A(z®
weR
~ ky
I j=vr 150000, (G))@)
ANu@gp)A(p® n)(y))]}

VIV IV (V (VAT oy (DA

pER geR zeR teR

(1 ® (@ B)(E) A @ ® [T s 15100 (@ A
(n @ q)(p) A (p &)Y}
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=V{VICVV (l_[] 1xmg(,)(/) ® (a ® b))(2) A

p€R geR zeR

(Z & Hj=U+1xroo(,)(j)))(q)
A (1@ @Q(p) A (19 69 m»1}

= \/{ \/ [( \/ (H] 1xrog(,)(]) Ra®b®

PER g€eR
~ ky,
Tzt 15000 ()@ A (M ® P(p) A (p® (M}

= \/{ \/R[(M @ (HJ 1xrdg(r)(1) RARD R
pe

~ ky,
[Tz i1 %00 P A (p & M)}
=u—1 ~ks
= V(Cizi [T j=1%60000 () © (H 1xroa<r>(/> ®
~ ky
a ® b ® H] v+1xr50(r)(/)) @

17(1

i u+lH =1%o (M),

1
= Be(lxy' ] xS a b xl )

L )

and the proof is complete.
The proof of (2) is similar to (1) and (3) obtains from
(1) and (2).

Lemma 3.7. Lemma 3.6, is true for the fuzzy geomet-
ric space (A, Br).

Theorem 3.8. If (R, @, ®) be a fuzzy hyperfield then

(1) The fuzzy geometric space (A, Bg) is a
strongly transitive fuzzy geometric space.

(2) The fuzzy geometric space (A,Ec) is a
strongly transitive fuzzy geometric space.

LD, By =
L [™"]) be two fuzzy block of Bg

Proof. Let BI_ER([xi"]

Br(yy1'1. -
such that

Bi A By >0, By(x) > 0.

Let for be R, we have Bi(b)>0 and
By(b) > 0. Since R is a fuzzy hyperfield,
thus there exist u] € R and v e R such that
(u; ® x)(xir;) = 1 and (b ® v)(x) = 1. Then we have
Xik; € Ui @ x, x € b ® v. By Lemma 3.6 we have

By = Br(lx}i'1, ..., [¥""])

< B 70w, x0T g, )

< Br(x;" 7D uy, b, 0], .. [x"“‘ Dy, b, v])
<B ([x”"' Y uy, By, v],...,[xz‘{‘"‘”,un,Bz,v]).
Moreover, since ((»hQuv)(x)=1, Bi() >0,

then V[BR([x”‘l] S IEB) A (b @ v)(X)] > 0,

that is equal to (BR([)C“ 1,. [xnk"]) ® v)(x) > 0,

then by Lemma 3.6,

1ky — n(kn—

(BR([x
v)(x) > O

Vg, xl, o[, ), x]) ®

So by Lemma 3.3,

0 < Br([x "™ ur, xl, .. [xn(k" U, X) @ v
= n(k )

, UL, X, v]9 [x 9unax7 U]),

since Ba(x) = Br(Iy|M, ..., Y™ D(x) > 0,

and by Lemma 3.6, we have

1(k;—1 n(k,—1)

O<BR([x
<Bg ([xii"‘

sup, x, vl [x) s Up, X, V])(X)
n(k -1

,ut, Ba, v],...,[xnl s un, By, v))@)

therefore there exists 0 < o < 1 such that

> 1(k1—1
Br([x; "1™

> .

kn—1
u19B25 v]""?['xz(l )’ un7327 v])(‘x)

By the concept of fuzzy point x,, we have

(k1 — n(kp—1)

E ([xll u19B25 v]a"‘v[xnl 7unaB27v])z
Xg.-
Therefore
kn
BR([XU 1. [le DVixg <
1tk—1 ky—1
Br(lx) '~ u1,Bz, ol e Dy, B, ).

and the fuzzy geometric space G = (A, Bp) is
strongly transitive. In a similar way we obtain (2).

Definition 3.9. Let (R, &, ®) be a fuzzy hyperring.
We define the relation I" as follows:

xIy<=Ime Nk e N, Ix;1,...,xi,) €
Rk’ 1<z<n

Z 1(H ]xlj)(x) > 0, Z 1(H 1xt/)(y) > 0.

Definition 3.10. Let (R, &, ®) be a fuzzy hyperring.
We define the relation « as follows:

xay <= dn € N, ki € N,3Jo €

Su, Axit, ..., xik,) € RN, oy € S 1 <i <m;

n —~k; —_—
YA =03 anm=o,
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where A; = Hjl:]'xio'i(j)'

The relation « and I" are reflexive and symmetric.
We take I'™*, o™ be the transitive closure of T, o. Then
'™, o™ is an equivalence relation on R.

Theorem 3.11. Let (R, &, ®) be a hyperfield. Then

(1) T =T*.
2) a=a*.

Proof. (2) Let (R, @, ®) be a fuzzy hyperfield. Then
the relation ~ defined on fuzzy geometric space
(A, Bc) coincides with the relation « on the fuzzy
hyperfield (R, &, ®). Also the relation ~ defined
on the fuzzy geometric space (A, Bc) coincides the
relation o* on the fuzzy hyperfield (R, ®, ®). Now,
if (R, ®, ®) is a hyperfield then the fuzzy geometric
space (A, Bc) is strongly transitive by Theorem
2.13, we have

o =~v=R= .

The proof of (1) is similar.
Conclusion

The study of hyperoperations was initiated by
Marty in [18] and continued by others (see [2 , 4-7,
9, 11, 13, 14, 20]). The above discussion shows that
fuzzy geometric space can be done for fuzzy hyper-
rings, which have recently appeared in the previous
paper (for more see [1]). This paper provides useful
condition for doing new research in the field of fuzzy
geometric space associated to fuzzy hypermodules
and fundamental relation for fuzzy hyperstructures.
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